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Changes in the average isotopic mass, M, produce a trivial effect in the phonon spectra of monoatomic solids, i.e., the

variation of phonon frequencies such as M~ 1/?

phonons and electronic excitations due to changes in the mean squared amplitude, (x?}, which also varies like M~

. More sophisticated effects also appear. Effects on the frequencies of

172 and

effects of the mass fluctuations in isotopically mixed crystals are discussed. The latter can be represented by a complex
self-energy whose real part corresponds to a frequency shift and its imaginary part to an increase in phonon linewidth.

1. Introduction

Among the various types of disorder in solids,
isotopic disorder is perhaps the least conspicuous
and most poorly investigated. Yet a material such
as natural silicon contains three isotopes (*Si,
92%; ¥Si, 5%; *°Si, 3%) while germanium is
composed of five different isotopes with abun-
dances of the same order of magnitude (™°Ge,
20.5%; *Ge, 27.4%; "Ge, 7.8%; “Ge, 36.5%;
$Ge, 7.7%). Isotopically pure materials are pre-
pared nowadays by means of isotope separators,
sometimes in large quantities. In particular, at
the Kurchatov Institute (Moscow) several germa-
nium isotopes with isotopic purities better than
95% are being separated. Large, high purity sin-
gle crystals are being grown from these materials.
They are used as neutrino (®Ge) and as y-ray
detectors (°Ge) [1].

The isotopic composition affects many of the
physical properties of crystals. The effects can be
classified into two categories: (i) effects of the
individual isotopes, such as those due to their
different nuclear magnetic moments or atomic
masses, and (ii) effects of the isotopic disorder, in
particular the atomic mass fluctuations in natural
or isotopically mixed materials. In this paper, we
discuss effects of both types on the electronic and
vibronic properties of the solid which should be a

paradigm for such studies, namely crystalline ger-
manium. Besides the effects discussed here, iso-
topic disorder is known to be mainly responsible
for scattering of long wavelength acoustic phonons
[2]. Also, changes in isotopic mass have been
recently shown to lead to small but observable
changes in the lattice constant of crystals
(germanium) [3].

The data presented here were obtained for
three n-type germanium crystals. Two of them
(natural Ge and isotopically enriched 7°Ge) were
intrinsic at room temperature N;— N, = 10
cm %) while the other (isotopically enriched "°Ge)
had N;— N, =7X 10 and independent values
of Ny and N, in the mid 107 cm~3 range. The
isotopic composition of these samples is given in
table 1. Among the phenomena presented and
discussed here are the dependence of the E; and

Table 1
Isotopic composition of isotopically enriched °Ge, "°Ge, and
natural Ge used in this experiment

M Atomic percent of g (1079
the various isotopes
70 72 73 74 76
NGe 95.9 3.8 2976
726Ge 205 274 18 36.5 7.1 58.745
36Ge 01 023 137 860 8.797
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E, + A4, electronic gap frequencies on isotopic
mass. These gaps occur in germanium at ~ 2.2
and 2.4 ¢V and contribute largely to the strength
of the polarizability. Their connection with the
band structure of germanium was identified by
Jan Tauc in 1960 [4]. This seminal discovery had
important consequences for optical spectroscopy
and band structure studies of semiconductors.
One of the authors (M.C.) has devoted a good
deal of his career to the investigation of phenom-
ena related to that discovery and would like to
express here his gratitude to Jan Tauc, and admi-
ration for his pioneering work.

2. Isotopic effect on the frequencies and widths of
the E, and E, + 4, transitions

2.1. The E; and E, + A, gaps

These transitions are much stronger than those
at the direct edge of germanium (E, and E; + 4,
0.8-1.2 eV): the maximum absorption coefficient
(a~2x10° cm™!) is an order of magnitude
larger than that at E, which, in its turn, is two
orders of magnitude larger than at the lowest
indirect edge. At the time Tauc and co-workers
wrote [4], the E, and E, + A, direct transitions
were believed to occur at the L-point of the
Brillouin zone (edge of zone along the (111)
directions) [5]. Shortly after, and following ad-
vances in band structure calculations, this assign-
ment was confirmed [6], but also extended to
include most other transitions between the top
valence band and the lowest conduction bands
along the (111) directions (A directions)
throughout most of the Brillouin zone (BZ). These
bands are nearly parallel throughout that region.
The critical points for the corresponding inter-
band transitions, which determine the lineshapes
of the real and imaginary dielectric functions
ew) and e,(w), are thus of two-dimensional
type. Those lineshapes exhibit a logarithmic sin-
gularity at E, and E, + A, (for €,) and a step for
€,. Bxcitonic effects modify these lineshapes [7] in
a way which can be studied with great accuracy
by means of spectral ellipsometry [8]. The accu-
racy of digital ellipsometric data is so high that

frequency derivatives, usually up to the third, can
be precisely calculated and fitted to theoretical
lineshapes for two-dimensional critical points at
E, and E, + A,. Among other lineshape parame-
ters, the critical point energies and their
Lorentzian broadenings are obtained in this man-
ner. In the case of germanium they have been
studied in detail vs. temperature [7] and heavy
doping with shallow impurities [9]. The corre-
sponding frequency and linewidth renormaliza-
tions can be regarded as real and imaginary parts
of disorder-induced seclf-energies.

2.2. Renormalization of electronic states and inter-
band ftranmsition gaps by electron—phonon
interaction

The electronic states are normalized by their
interaction with the phonon system. As a result,
the frequencies of the interband critical points
are modified (usually slightly reduced) [10] and
their Lorentzian broadenings are enhanced [11].
The frequency shift is usually broken up into two
contributions, the ‘Debye—Waller’ (also called
Antoné&ik~Brooks—Yu) terms and the self-energy
or Fan terms [10,11]. The former correspond to
the electron-two-phonon interaction Hamilto-
nian taken in first order perturbation theory,
while the latter arise from the electron—one-pho-
non interaction in second order perturbation the-
ory. For transitions in the 0-6 eV range, the
latter are the only contributors to the linewidth,
l.e., to the lifetime of the excitations. For a re-
view, see ref. [12].

At high temperatures (7 > Ty, the Debye tem-
perature), all self-energy terms just mentioned
become linear in 7. At low temperatures, the T
dependence flattens out. Neither the real (5,)
nor the imaginary (3;) parts of the electron—pho-
non self-energies (from now one X, is assumed to
include the Debye—Waller term) vanish in gen-
eral for T— 0. However, X; does vanish at the
lowest absorption edge for T — 0, since at these
temperatures only phonon emission processes are
possible and no energy-conserving final states are
available (no excitation lower than the lowest, by
definition). This does not need to occur at higher
gaps such as E, and E, +A,.



M. Cardona et al. / Isotope effects 259

2.3. Self-energies at T — 0 and isotope shifts of the
band gaps and widths

The electron—phonon-generated %, in a
monoatomic crystal can be written as [9]

h
Er=A(u2>=A(2Ma~))(1+2n(a3)), (1)

where M is the atomic mass (average mass in
case of isotopic admixture), n(@) = [exp(fo /kT)
— 117! is the Bose—Einstein statistical factor and
@ is an average phonon frequency (A& = kTp).
At high temperatures (T > Tp), eq. (1) yields a
self-energy independent of isotopic mass, M, since
n=kT/& and & c M~'/2. At low temperatures,
however, eq. (1) leads to a significant isotopic
effect on 3.: 3_ is proportional to M~/ In Ge,
the high temperature regime is expected to occur
at and above room temperature while the low
temperature, isotope effect displaying case should
occur for T < 100 K.

An expression analogous tor eq. (1) should ap-
ply to 3. at all band gaps (i.e. critical points)
higher than the lowest one. At the lowest gap,
only phonon absorption processes contribute to
3, and eq. (1) must be replaced by

2;3(%)4@), (2)

which should also exhibit an isotope effect at low
temperatures. At these temperatures, however,
the linewidth may be very small and isotope-in-
duced changes in 3, will probably be unobserv-
able. Hence the E, and E, + A, transitions are
ideal for the investigation of isotope effects in the
linewidth I" (i.e.,, —3,), while effects on 3. can
also be observed at the lowest direct gap, E,, and
at the indirect gap, F; [13].

2.4. Ellipsometric measurements of isotope effect
at the £, and E, + A, gaps of Ge

The spectroscopic ecllipsometry measurements
of the three Ge samples of table 1 were per-
formed at 10 K and room temperature inside a
cryostat with quartz windows nearly free of bire-
fringence. The reflecting surfaces were (111) ori-
ented and polished and etched using the proce-
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Fig. 1. Third order derivative spectra of the real (e;) and
imaginary {e,) parts of the dielectric function of three germa-
nium samples with different isotopic compositions (indicated
by the arrows) around the E critical point taken at 10 K. The
vertical arrows show the positions of the critical point ener-
gies as determined from a lineshape analysis. The spectra
have been multiplied by factors close to unity (0.8 ... 1.2) in

order to have the same amplitude.

dure described in refs. [9] immediately before
mounting them in the cryostat. The data obtained
were, in all cases, very similar to those of ref. [9].
We show in fig. 1 the numerically generated third
derivative spectra of €, and €, around £, for all
three samples. The arrows indicate the critical
point energies obtained from the fits to these
spectra. Fits to second derivative spectra were
also performed. While the critical point energies
differed only slightly from those obtained for the
third derivative fits (~ 5 meV), the relative shifts,
however, were the same as shown in fig. 1 for the
third derivatives. Note that the nearly rigid shifts
from one sample to the other enable us to obtain
rather reliable values for the ‘isotopic’ shifts.
Slight deviations from the rigid shift at the high
energy side of fig. 1 reveal changes in I” which
agree with the predictions of eq. (2): a larger I
for lower M.

2.5. Discussion

A prediction of the change with M and com-
parison with the experimental results displayed in
table 2 is easier for 3; than for 3,. The reason is
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that the observed widths, I', are actually equal to
-2, while 3, cannot be directly inferred from
experiment. It must be estimated through a fit of
the measured temperature dependence of E; and
E, + 4, with eq. (1), and is thus strongly affected
by uncertainties in . From eq. (2) we obtain
directly the isotopic shifts in I" given as §3; in
table 2 with respect to the 3, of the natural
material. We recall that the measured values of
I'= -3, agree reasonably well with those calcu-
lated from the ‘Fan terms’ using a realistic pseu-
dopotential band structure and a lattice dynamics
based on the bond charge model [11].

The interpretation of the measured 33, must
be made by comparison with the calculated val-
ues of the zero-point (7=0) X, [11]. We find
from ref. [11] 3, =58 meV averaged over the
(111) points at which the E, and E, + A, transi-
tions occur (no spin—orbit splitting was included
in these calculations, a fact which we now know
does not significantly alter the values of 3, [14]).
From this value of 3 and eq. (1) we find those of
3%, listed in table 2.

It is strikingly apparent in table 2 that while
the measured values of 83 for °Ge agree within
the admittedly large error bars with the calcu-
lated ones, those for °Ge are considerably larger
(~ a factor of 4) although they have the correct
sign predicted by the isotopic shift theory. Since
this sign is that which corresponds to increasing
thermal agitation, i.e., disorder (the °Ge atoms
vibrate with larger amplitude than the natural
material ">°Ge), we conjecture that our °Ge
material contains a larger concentration of impu-
rities than the other two samples known to have

Table 2

Np = 10" cm™~'. The ®Ge had not gone through
the stringent ‘Eagle Picher’ purification process
to which the other two samples had been sub-
jected. We actually know that for our °Ge Np, —
N, =7x10" cm 2. In the absence of compensa-
tion (i.e., N, < Np), the corresponding donor
concentration would have an unobservable con-
tribution to X, (<05 meV) and to I'= -3,
(£0.5 meV) [9]. We conclude that this sample
must be strongly compensated (which was sup-
ported by IR-transmission data), with N, =N, =
5% 10" cm 3 [7]. We note the possibility of using
disorder-induced critical point shifts for an esti-
mate of the degree of compensation in samples
for which N, and N, are not separately known.

Effects of isotopic substitution have also been
recently observed for the frequency of the lowest
direct and indirect gaps of germanium [13] and
for emission lines related to the indirect gap of
diamond [15]. The work in ref. [13] was per-
formed for "**Ge (natural) and >*Ge. The indi-
rect gap was found to be 0.90(5) meV larger in
4Ge than in "*$Ge, while the direct one (E,)
was 1.25(5) eV larger. The signs of these shifts
agree with the predictions of eq. (1). Their magni-
tudes also agree with calculations based on the
realistic lattice dynamics and band structures
mentioned above: 1.28 meV for the indirect gap
and 1.43 meV for the direct one [16], in rather
good agreement with the experimental results.
From these data, reliable estimates for 3 (7 = 0)
can be obtained (average of theory and experi-
ment: 63 meV for E,, 51 meV for the indirect
gap of natural ">Ge). We note that the effect of
changes in lattice constant (Aa,/4,<2 X 107°)

Energies and Lorentzian widths (HWHM) of the E; and E;+ A; critical points of two isotopically enriched Ge samples (see
table 1) and a natural one. The corresponding changes in self-energies, 3 E, are referred to the natural sample

M Ey Ei+4, Ig, Te 4
(meV) (meV) (meV) (meV)

0Ge 2237.8(6) 2435.4(4) 3513)  38.0(3)

26Ge  22422(17)  24403(12)  33.03)  36.1(7)
BoGe  2243.3(5) 2441.3(4) 326(2) 35505

83 (E) —83(E) 8Z(E;+4,) —383(E;+A4)
(meV) (meV) (meV) (meV)
—4.4(18) ® 214 ® -49(12) » 1.9(8) ®
—1® 05® —1® 06D

0 0 0 0

1L1(18)» ~0.44) 1.0(12) » —0.6(9)

135 -08"9 1359 -08D

) Experimental; ? calculated.
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[3] on the gaps can be estimated by using the
well-known deformation potentials of the E, and
indirect edges: they are negligible.

3. Isotope effects on the phonons of germanium
3.1. Introduction

Phonons are vibrations of the atomic cores and
should therefore be highly sensitive to isotopic
substitution. For an isotopically pure material, all
phonon frequencies should be proportional to
M~12_ This effect, which is rather trivial, has
been investigated in ref. [13] for the L-phonons of
34Ge and ">°Ge as observed in their indirect
luminescence spectra. We note that isotopic sub-
stitution can be used to obtain information on
eigenvalues as was recently done for the Cu-Ba
vibrational modes of the high-7; superconductor
YBa,Cu,0, [17].

In the case of an isotopically disordered mate-
rial, such as natural Ge, the phonon frequency vs.
k and their disorder induced widths can be ob-
tained by either perturbation theory or by means
of the more sophisticated coherent potential ap-
proximation (CPA) which includes certain classes
of perturbation diagrams to all orders [18]. First
order perturbation theory is equivalent to the
virtual crystal approximation (VCA): the phonon
frequencies are not broadened by the disorder,
only shifted as would correspond to a ‘virtual
crystal’ with virtual atoms which have as a mass
an arithmetic average, M, of the isotopic masses
M;. Beside this also trivial effect, the fluctuations
in the isotopic masses induced in second (and
higher) order perturbation theory additional fre-
quency shifts and broadenings which can be rep-
resented by a complex self-energy.

The isotopic fluctuations are usually expressed
by the factor, g, defined as

M;\?
= x 1l - = 5 3
g Zl: ( M) 3)
where x; is the concentration of isotope i. The

values of g for the samples under discussion are
given in table 1. The self-energy due to the iso-

topic disorder is, in the self-consistent Born ap-
proximation, given by [18]

=101 +ill,, (4a)
w’g 2w,
I = a7
r(w) 24N qE’j/ a)z—a)i/jr—qurj/Hr(w)
(4b)

™
o+ (0))= - szgRep(w

—ill(w + Hr(w))) =T,
(4c)
where p is the phonon density of states, o,; is the

frequency of a branch j phonon with wavevector
g, N is the number of unit cells in the sample,

= A
FWHM = = + g2C
= —]— 1 + 1
21 tdecay Tisotope
0.90F 2
\
= L \
g \
=~ o0.88f \
s \
T B \
= \
L \
0.86— \
\
L \
\
0.84 \\‘
¢ FWHM (Experiment) \
A \
B \
T | ! 1 i ! 1

68 70 72 74 76 78
average isotopic mass, m

Fig. 2. Dependence of the FWHM (2I') on the average
isotopic mass, M, for the three germanium samples of table 1.
The points are experimental, one of them including error
bars. The dashed line represents the variation in 21" induced
by changes in the average phonon amplitude. Deviations from
this line correspond to effects of the isotopic disorder (gC).



262 M. Cardona et al. / Isotope effects

and I, is the phonon (HWHM) linewidth due to
anharmonic decay. The real self-energy due to
anharmonic decay has been included in @ and
small corrections involving II, have been ne-
glected in eq. (4b). The phonon self energy for
natural germanium is given in fig. 2 of ref. [18].

3.2. Experimental resulis

Luminescence due to indirect recombination,
as measured in ref. [13], gives information about
the LA, TA and TO phonons at the L-point.
These phonons exhibit between 7°Ge and 7*Ge
a shift approximately equal to that required by
the change in average mass. The accuracy of the
measurements (~ 0.5 cm™!), however, is just
marginal for the purpose of detecting self-energy
effects due to mass fluctuations.

These self-energies can be obtained for the
optical phonons at I" by means of Raman spec-
troscopy. I, = +0.9 + 0.1 cm™ is found for natu-
ral 7>°Ge [13,18], a value which compares reason-
ably well with the calculated +1.5 cm! [18].
Inelastic neutron scattering measurements on
natural and isotopically pure samples are now
being performed in order to obtain values of IT at
other points of the Brillouin zone [19]. Two
phonon-induced infrared absorption measure-
ments, which are under way, should also give
information about II, at several points of the
Brillouin zone [20]. Second order Raman scatter-
ing has, so far, failed to give any conclusive re-
sults [18]. According to eq. (4), I, should be very
small for the Raman phonons (I" point of the
BZ) since p =0 at this point for I, =1II;=0,
Introducing into eq. (4) the value of I, measured
at low temperatures (0.49(5) cm 1), we obtain a
value of II,=0.0085, for natural germanium,
which should be hard to detect by comparison
with an isotopically pure sample.

This value of II; is so small that the width of
‘isotopically pure’ °Ge actually even appears to
be larger than that of the isotopically mixed
726Ge. This apparent paradox arises from the fact
that the width measured at low temperatures is
due to anharmonic decay into two phonons. The
probability for these processes is proportional to
the squared amplitudes of the two modes into

which the Raman phonon decays, i.c., to ML
The width of the Raman phonon in °Ge is thus
expected to be larger than that of the natural
"28Ge since the variation in the anharmonic de-
cay rate overcomes the effect of IT,. We display
in fig. 2 the measured dependence of 2I" on M
(dots) which can be written as [20]

2I'=(A/M) +BC, (5)

where A/M represents the contribution of an-
harmonic decay and BC that of the self-energy
due to isotopic disorder. The dashed line in fig. 2
represents the A/M contribution to eg. (2).
Clearly, eq. (2) provides an excellent representa-
tion of the observed linewidths and BC is small,
as discussed previously, and rather close to the
calculated value (8C = 0.017 cm™).

— Data
-« Fit

--- Symmetric part
of fit

Intensity (arb. units)

L
301 303 305 307
Raman Shift (cm™)

Fig. 3. Raman lines measured at 80 K with a high resolution
spectrometer for the I'-phonons of the three germanium
samples of table 1. An Ar-ion laser line (5145 A) was used.
The jagged lines are experimental while the points represent
fits with the asymmetric lineshapes described in the text. The
dashed lines represent symmetric lineshapes. The horizontal
scale corresponds to natural germanium, the other two spec-
tra being shifted for display purposes [20].
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We note that the decay times for non-equi-
librium Raman phonons are given by ==1/m.
Recent time-resolved Raman measurements con-
firm this relation between = and I" [21].

Figure 3 shows the observed Raman line-
shapes for the I phonons of the three samples
under consideration (solid lines). The frequencies
have been shifted so as to place the peaks at the
same position for ease of comparison. Note the
asymmetry of the three peaks when compared
with the dashed lines which would describe a
symmetric shape. Natural Ge exhibits the largest
asymmetry but the other two ‘isotopically pure’
samples also have asymmetric peaks. This asym-
metry contains two contributions: The natural
sample has a self-energy IT which, as given by eq.
(4), is strongly asymmetric and an additional
asymmetry due to a spread in k-vectors produced
by the large absorption coefficients at the laser
and scattering frequencies. The dotted line in fig.
3 has been calculated with these two contribu-
tions being included [20].

4. Conclusions

Isotopic disorder can affect significantly the
spectra of vibronic and electronic elementary ex-
citations in a crystalline solid. Germanium, with
its five stable or nearly stable isotopes, is an ideal
material for the investigation of isotope effects.
Two types of effects can be distinguished: those
which arise from the change in average phonon
amplitude with isotopic mass and those produced
by the random distributions of isotopes in natural
or isotopically mixed samples. Among the first we
have investigated the isotope effect on electronic
excitation gaps and on phonon linewidths. Among
the second, the corresponding complex self-en-
ergies (i.e., frequency shifts and broadenings) of
phonons has been discussed. These effects may
be important in a number of contexts, such as the
lifetime of non-equilibrium phonons and the
comparison of the frequencies of such phonons,
and also the comparison of electronic excitations
with results of ‘ab initio’ calculations.
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Thanks are also due to H.V. Klapdor-Kleingrot-
haus and S.T. Belyaev for the "°Ge single crystal.
Expert technical help by M. Siemers, P. Wurster
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Hall measurements to determine the carrier con-
centrations were kindly performed by P.O. Hans-
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Natural Science and Engineering Council of
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